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DEFORMING SPACES OF M-JETS OF HYPERSURFACES 

SINGULARITIES 

MAXIMILIANO LEYTON-ALVAREZ 


Abstract. Deformation of Spaces of m-jets. Let K be an alge¬ 
braically closed field of characteristic zero, and V a hypersurface defined 
by an irreducible polynomial f with coefficients in K. 

In this article we prove that an Embedded Deformation of V which 
admits a Simultaneous Embedded Resolution induces, under certain 
mild conditions, a deformation of the reduced scheme associated to the 
space of m-jets Vm, m > 0. An example of an Embedded Deforma¬ 
tion of V which admits a Simultaneous Embedded Resolution is a r(f)- 
deformation of V, where V has at most one isolated singularity, and f 
is non degenerate with respect to the Newton Boundary r(f). 


1. Introduction 

Let V be an algebraic variety over a field K, and m a positive integer. 
Intuitively the Space of m-jets, Vm, (resp. Space of arcs, Voo,) is the set of 
morphisms 

Spec]K[f]/(t™'+^) —> V (resp. Spec]K[[t]] — V) 

equipped with a “natural” structure of K-schema. During the late 60s Nash 
studied these spaces as a tool to understand the local geometry of the singu¬ 
lar locus of V. He was specifically interested in understanding the Essential 
Divisors over V (see Section [2. 2. 2p . He constructed an injective application, 
known as the Nash Application, from the set of Nash Components of V (see 
Section r2.2.ip to the set of Essential Divisors. Then the question raised was: 
Is the Nash application bijective? 


Obtaining a complete answer to this question took many decades. In the 
year 2003 Ishii and Kollar (see 0 ) showed the first example of a variety 
such that its Nash application is not surjective. It is worth mentioning that 
this example is a hypersurface of dimension 4. In the year 2012 Fernan¬ 
dez de Bobadilla and Pe-Pereira (see (0 ) gave an affirmative answer to the 
question for the case of surfaces over C. Finally between the years 2012 and 
2013 Johnson, Kollar, and de Fernex constructed examples of hypersurfaces 
of dimension 3 where the Nash application is not surjective (see j^, 1^ and 
0). It is important to mention that many mathematicians worked hard 
on this problem, making valuable progress with respect to the problem. For 
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cite all the existing works. 

However, despite all the progress made, giving an exact description of the 
image of the Nash application remains an open problem. 


Informally speaking, hidden within the Spaces of m-jets and the Space 
of arcs lies much information on geometry of the subjacent variety. For 
example: 

In the year 1995, Kontsevich, using these spaces, introduced the motivic 
integration to resolve the Batyrev conjecture on the Calabi-Yau varieties (see 
0). For more references on motivic integration see [a, d, i and (^ . 

Other examples are found in the articles d) 10 written by Ein and Mus¬ 
tafa where, amongst other things, it is demonstrated that if V is locally 
a complete intersection, then V only has rational singularities (resp. log- 
canonical singularities) if and only if Vm is irreducible (resp. equidimen- 
sional) for all m > 0. 

Another interesting application for the Spaces of m-jets and the Space of 
arcs is obtaining identities and invariants associated to V, for example see 
the articles d, and d- 


One of the main subjects of 23| was the study of the following problem: 
When a “deformation” of the variety V induces a “natural deformation” of 
the Spaces of m-jets Vm (for greater precision see Section [3.ip . In general 
a deformation of V does not induce a deformation of the spaces of Vm, see 
Example [H however there exist important families of examples in which this 
property is satisfied. For example if V is locally a complete intersection, and 
only has an isolated singularity of log-canonical type (see Proposition 13.ip . 


The idea to study the Spaces of m-jets in families is very natural, for 
example Mourtada in (0 studies families of complex plane branches with 
constant topological type, and obtains formulas for the calculation of the 
number and dimension of the irreducible components of the Spaces of m-jets. 


In [23(1 it was obtained that if E is a Pham-Briekson hypersurface defined 
by an irreducible polynomial f, and W —>■ Spec]K[[s]] is a r(f)-deformation 
(see Section ESI) then W induces a deformation of {Vm)red (for more details 
see Theorem [321). In this article we will generalize this result. 


Let V C be a hypersurface, and S' is a finite type K-scheme. In 

this article we will consider an Embedded deformation of E C over S 

which admits a Simultaneous Embedded Resolution (see Section 1221), and 
we prove that this deformation induces a deformation of the scheme (En)red 
(see Theorem 13.81) . 


An example of an Embedded Deformation which admits a Simultaneous 
Embedded Resolution is the following: Let E C be the hypersurface 

defined by an irreducible polynomial f non degenerate with respect to the 
Newton boundary r(f). In addition we will suppose that E has at most 
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one isolated singularity in the “origin” of and that V does not contain 

orbits of the torus T := (IK*)”^^ of dimension greater than or equal to 1. So 
a r(f)-deformation of V admits a Simultaneous Embedded Resolution. 


It is worth mentioning that under certain conditions the deformations that 
we will consider have a property to preserve the topological type of V (see 


21|, [3^ and [4 


The article is organized as follows: 


In the section Preliminaries and Reminders we will briefly present the 
known definitions and results of the Hasse-Schmidt derivations and the Space 
of m-jets and the Space of arcs relatives to a given scheme. We will finish 
this section with a brief introduction to the Nash problem. The purpose of 
this section is to make reading the article easier. 


The main results of this article will be developed in the section Deforma¬ 
tion of Spaces of m-jets. In Section 13.11 we will briefly explain the problem 
we will study. Then, in Section [3^ we will give the general hypothesis of the 
principal result of this article and we will show that the r(f)-deformations 
satisfy them. Finally, in Section [3.41 we will prove the principal result of this 
article. We will finish the section with an application to the Nash problem. 


Acknowledgments 

I would like to give special thanks to Hussein Mourtada, Peter Petrov, 
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also like to thank Rachel Rogers for her unconditional support during this 
time. 


2. Preliminaries and Reminders 

2.1. Hasse-Schmidt Derivations. In this section we give some results and 
notions based on the Hasse-Schmidt derivations, the Relative Space of m-jets, 
and the Relative Space of arcs. Here our goal is not to give an exhaustive 
overview of the theory, but to give an overview of the latter in the context 
which interests us. For more details, see (^ . 

Let K. be an algebraically closed field of characteristic zero, and P a K- 
algebra and R,Q two P-algebras. 

A Hasse-Schmidt derivation of order m € Z>o from P to Q is an m -|- 1- 
tuple {Dq, ■ ■ ■ ,Dm) where Dq : P —)• Q is a homomorphism of P-algebra, 
and Di ■. R ^ Q, 1 < i < m \s a homomorphism of abelian groups, which 
satisfies the following properties: 

(i) Di[p) = 0 for all p € P and for all 1 < f < m; 

(ii) For all the elements x and y of P and for all integers 1 < /c < m, we 
have: 
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Dk{xy) = 

We remark that if (/> : Q —>■ Q' is a homomorphism of P-algebra, and 
{Dq, ■ ■ ■ , Dm) a Hasse-Schmidt derivation from R to Q, then {(poDQ, ■ ■ ■ ,(j)o 
Dm) is a Hasse Schmidt derivation from Rio Q'. Consequently we can define 
the following functor: 

Derp (i?, • ) : P—Alg £ns] Q i-A Derp (i?, Q) 

where P—Alg (resp. £ns) is the category of P-algebras (resp. of sets) and 
Derp(i2, Q) is the the set of Hasse-Schmidt derivations of the order m oi R 
to Q. 

In the same way, we can define the Hasse-Schmidt derivation of order oo, 
and the functor Derp (i?, • ) by using, in place of m-|-1-tuple {Dq, • • • , Dm), 
an infinite sequence Dq, Di, ■ ■ ■. 

m 

Let HS^/p be the i?-algebra quotient of the algebra Sym( © © RcPx) by 

' i=lx£R 

the ideal I generated by the union of the following sets: 

• {(P{x + y) — (P{x) — <P{y) \ x,y € R-, 1 < i < m}, 

• {ii*(s) I s € P; 1 < f < m} 

• {d^ixy) - 'Ei+j=kd''ix)d^{y) \x,y€R; l<k<m}. 

We also remark that HSpyp is a graduated algebra by the graduation 
e->- i. According to the definition of the algebra HSpyp, we naturally 
obtain a sequence of homomorphisms of graduated algebras: 

R := ^ ^ HSS/p ^ HSJ+p' ^ ■ 

We note HSpyp the inductive limit of the inductive system HSp^p, which 
is to say: 


HSg/p :=HmHS™/p. 

Proposition 2.1 The Hasse-Schmidt algebra HSp^p, 0 < m < oo, 

represents the functor of Hasse-Schmidt derivations Derp(P, • ), which is to 
say: 


Der^(P,Q) ^ Homp(HS™/p, Q), 
where Q is any P-algebra. 

The Hasse-Schmidt algebra HSp^p, 0 < m < oo satisfies the following 
properties of localization: 

Proposition 2.2 Let 0 < m < oo and consider a multiplicative subset 

L (resp. Li) of the algebra R (resp. P). Then we have: 

( 1 ) HS™/p[L-i]-HS™[p_,]/p; 
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(2) If the morphism P ^ R factors through the canonical morphism 
P ^ P[Lf 1], then HS^/p - 

Let f : X ^ Y he a morphism of schemes. Taking a covering by affine 
open subsets of X compatible with a covering by affine open subsets of Y, 
and by using the above localization properties, we can define a quasi-coherent 
sheaf, 1 < m < oo, of Ox-algebras that does not depend on the 

choice of the open coverings. 

Definition 2.3. For each 0 < m < oo, we place: 

X(Y)^:= SpecHS-^/^^ 

where is the relative spectrum of the quasi-coherent sheaf of 

Ox-algebras IfY ;= SpeclK, we place Xm '■= X(Spec]K)^. 

For 0 < m < oo (resp. m = oo), the scheme X(Y)^ (resp. X(Y)^J is 
called the Space of m-jets (resp. Space of arcs) of the morphisms f : X ^Y. 

The following results justify the terminology “Space of m-jets and Space 
of arcs of the morphism / : Y —>■ Y” 

We remark that we can define the following applications: 


Der^{R,Q) 
(Do, ..., Dm) 


Homp(D,Q[t]/(t™+i)); 

\ T l-A Dq{x) -\ -h Dm{x)t^ 


Der^(D,Q) ^ 
Do, Di • • • —^ 


Homp(D, Q[[t]]); 

\ X 1-^ Do(x) -I- Di(x)t H- 


Using the above applications we can demonstrate the following result: 

Proposition 2.4 f(45l|l. The functor Q i—)■ Derp (D, Q), 0 < m < oo, (resp. 
Q I—Derp (D, (5)J is isomorphic to the functor Q i—>■ Homp(D, 

(resp. Q Romp{R,Q[[f\])). 

The following theorems are a consequence of Propositions 12.11 and 12.41 

Theorem 2.5. Let f : X ^ Y be a morphism of schemes. Then the Space 
of m-jets of f : X ^ Y represents the functor of m-jets, which is to say 
Homy(Z XKSpecK[t]/(t-+i), Y) ^ Homy(Z, X(Y)^), 
where Z is any Y-scheme. 

Theorem 2.6. Let f : X ^ Y be a morphism of schemes. Then the Space 
of arcs of f : X ^ Y represents the functor of arcs, which is to say 
Homy(ZxicSpecK[[t]], Y) ^ Homy(Z,X(Y)^) 

where Z is any Y-scheme, and Zxk Spec]K[[t]] is the formal completion of 
the scheme Z Xk Spec]K[[t]] along the subscheme Z Xk SpeclK. 

The Spaces of m-jets and the Space of arcs of a morphism satisfy the 
following base extension property: 
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Proposition 2.7 f(45l|). Let f : X ^ Y and Y' ^ Y be two morphisms of 
schemes, and we consider X' := X Xy Y'. Then X’(Y’)^ = X(Y)^ XyY', 
over Y' for allO < m < oo. In particular there exists a commutative diagram: 


X’(Y’)™- 


-X(Y) 

1 

Y' 

□ 

-^ Y 


The symbol □ of the diagram is in order to explicitly indicate that the 
commutative diagram is a Cartesian square. 

2.2. The Space of arcs and the Nash Problem. In this section we will 
give the basic definitions of the Nash problem. 

Let K be an algebraically closed field of characteristic zero, V a normal 
algebraic variety over K., and tt : X ^ V a divisoral desingularization of V. 


2.2.1. The Nash Components. We recall that Yqo is the Arcs Space over V , 
and that the iL-points of 14 o are in bijective correspondence with the iL-arcs 
over V where K is a field extension of K. Let be the residual field of 
the point a € Poo- By abuse of notation we also note a the Kc-arc which 
corresponds to the point a. Let p : 14o V he the canonical projection 
a e->■ a(0) where 0 is the closed point of SpeclKa[[t]]. We remark that p is a 
morphism. The irreducible components of := p“^(SingY) are called the 
Nash Components ofV. We note CM{V) the set of Nash Components of V. 

2.2.2. The Essential Divisors. Given any desingularization tt' : Y' —>■ V, the 
birational application (vr')“^ ott : X X' is well defined in codimension 1 
(X is a normal variety). If E is an irreducible component of the exceptional 
fiber of vr, then there exists an open subset of E over which the application 
(vr')”^ o TT is well defined. 

The divisor E is called Essential Divisor over V if for all desingularization 
tt' the adherence (vr')“^ o 7r(E^) is an irreducible component of (7r')“^(Sing V), 
where SingE is the singular locus of V. We note that Ess(E) the set of es¬ 
sential divisors over V. 

2.2.3. The Nash Application. Given C E CM{V), let ac be the generic point 
of C. Nash demonstrated that the application My ■ CM{V) —)• Ess(E) which 
associates to C E CJ\f{V) the adherence {3(7(0)} is a well defined injective 
application (see Hi), where ac is the lifting to X of the generic point ac, 
which is to say tt o ac = etc- The Nash problem consists of the study of the 
surjectivity of My. 


In the case of surfaces, the problem remained open until the year 2012, 
when the authors of the article 0 demonstrated that the Nash application 


is bijective for all singularities of surfaces over C. In the 2003 article |l5l |. 


the authors discovered the first example of a E variety such that the Nash 
Application Afy is not bijective; this variety is a hypersurface of A|- having 
a unique isolated singularity. The examples of varieties of dimension three 
where the Nash application is not bijective appeared during the years 2012 
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and 2013 (see the articles 0, i); these examples are hypersurfaces of 
having a unique isolated singularity. We can find more examples, for 
dimensions greater than or equal to three, in the article 


18 fl. 


3. Deformation of Spaces of m-jets 


3.1. Definition of the main problem. Let K be an algebraically closed 
field of characteristic zero, V a variety over K, S' a K-scheme, and 0 G S a 
closed point. Let us consider a deformation W oiV over S, which is to say 
a commutative diagram (Cartesian square): 


1/c- 

□ 

QC- 


W 


S 


where W —> S is flat, and V = W Xs {0}. Using Proposition 12.71 we obtain 
the following commutative diagram: 


Un^W(S)^ 

□ 

QC-^S 

The question we ask ourselves is: when is this diagram a deformation? In 
other words. When is the morphism W(S)^ —>■ S flat? 


In general the morphism W(S)^ —>■ S is not flat. 

Example 1. Let V C be the hypersurface give by the equation x^+y^+z‘^ = 
0, and W the hypersurface o/A^xAc^q given by the equation = 

0. It is not difficult to verify that the morphism W Ac,o; ix,y,z,s) e-)- s 
is a deformation of V. 

Let p € Ac,o — {0}, and Wp ■.= W Xg {p}- The fiber Wp is a smooth 
variety, then the Space of 3-jets {Wp)^ is irreducible. But the space of 3-jets 
V 3 is not equidimensional, which implies that W(S )3 S is not flat. 


The following result is a direct consequence of the results of Ein and 
Mustafa stated in the introduction, and the local criterion for flatness. For 
more details see 


23||: 


Proposition 3.1. Let V be a locally complete intersection variety. We sup¬ 
pose that V has at most one isolated singularity of log-canonical type. Then 
the morphism W(S)^ S is a deformation of Vm for all 0 < m < 00 . 

In this article we will generalize the following result. 


Let V C A|| be the hypersurface given by polynomial f € ]K[xi,..., x„] 
and W the hypersurface given by formal power series F = f + ^ g^, gj € 
]K[xi,..., Xn]. It is not difficult to verify that the morphism W S : = 
Spec]K[[s]]; (xi,..., x^, s) i-A s is flat. We proved in |2§| the following result: 

Theorem 3.2 (jl^). Let f := xfi + x^^ + • • • + x^'^ + ■ ■ ■ + x“”, aj. > I, and 
we suppose that the polynomials gj, f > I, belong to the integral closure of the 
ideal generated by xfi , xf , • • • , x“". Then the morphism p^ : (W(S)^)red 
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S := SpecK[[s]] is flat for all 0 < m < oo. In other words, (W(S)^)red is a 
deformation of {Vm)red- 


3.2. Simultaneous Embedded Resolution. Let IK be an algebraically 
closed field of characteristic zero, A a local K-algebra of finite type and V a 
hypersurface of We suppose that W is an Embedded Deformation of 

V over S := Spec A, that is we have the following commutative diagram: 


EC- 

□ 

0 := SpeclK*^— 



where the morphism g is flat. 


Specyl[xi, ...,Xn+i] 


In the following we will define what we mean by Simultaneous Embedded 
Resolution of an Embedded Deformation. 


We consider a proper birational morphism (p : —>■ A^"*"^ such that 

A^"*"^ is formally smooth over S, and we note for VE® and VE* the strict and 
total transform of W in respectively. We will say that the Embedded 

Deformatioi^f V over S admits a Simultaneous Embedded Resoluticm if the 
morphisms fE® ^ VE is a very weak simultaneous resolution and VE* is a 
Normal Crossing Divisor Relative to S, that is to say, the induced morphism 
VE* —>■ 5 is flat and for each p € W* there exists a Zariski open affine 
neighborhood D C A^"*"^ of p, and an etale morphism tf. 



SpecA[yi, ...,2/n-ri] 


such that the S'-scheme IE* fl 17 is defined by the ideal (ffl, where Z = 
( 2 / 1 * ■ ■ ■ yn 4 T^)) ^ 0- If P G lE^, we assume that a„+i = 1, and that 

IE® n 17 is defined by the ideal (jZZ', where X' = (?/„+i). 


3.3. r(f)-Deforniations. Now we will show an important class of examples 
which satisfy the hypothesis imposed above. 

By abuse of notation we will note for 0 the point of := Spec]K[xi,.., x^-i-i] 
corresponding to the maximal ideal (xi,..., x^-i-i). Sometimes we will call this 
point the origin of 

Let E be a hypersurface of defined by an irreducible polynomial 

f = ^ CeX® G ]K[xi,..., Xn+i], where x® := x\^ ■ ■ ■ and Ce € IK, and 

£’(f) := {e G I Ce 7^ 0}. The Newton polyhedron r+(f) is the 

convex hull of the set {e G | e G ^(f)}, and the Newton bound¬ 

ary r(f) of f is the union of compact faces of r+(f). The Newton fan 
r*(f) associated with f is the subdivision of the standard cone A := IR>q^, 
whose corresponding toric variety is the normalized blowing up of the ideal 
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x{{) := {{x^ I e G r(f) nZ^+i}). 


The polynomial f is non-degenerate with respect to the Newton boundary 
if for each compact face 7 of r_|_(f), the polynomial f-^ := 
singular in the torus T := 

We define the support function associated with r_|_(f) as follows: 
hf(p) = inf{(r,p) | r € r+(f)}, p € A. 
where ( , ) : x —>■ M is the scalar product. 


It is known that the Newton fan r*(f) satisfies the following property (see 


or 


28|): 


(a) Let J C ,n-M} and aj := {(pi, ...,pn+i) G A | p* = 0 iff i 7 ^ J}. 
If there exists p £ aj such that hf (p) = 0, then the adherence of aj is a cone 
of r*(f). 


A regular subdivision S of r*(f) is called admissible if it satisfies the 
property (a), in other words, if there exists p € aj such that hf(p) = 0, then 
Wj G S. The existence of the regular admissible subdivisions, under the 
assumption that f is non degenerate with respect to the Newton Boundary, 
was proved in (^ . 


For the rest of this section we will assume that f is non degenerate with 
respect to the Newton Boundary, and that Sf is a regular admissible sub¬ 
division. We suppose that the origin 0 of is the unique singular point 

of V, and that V does not contain T-orbits of a strictly positive dimension. 
Then the toric morphism vr : A(Sf) —is an embedded resolution of 
the singularity of the hypersurface V, which is to say is a simple normal 
crossing divisor. Observe that the irreducible components of are smooth 
varieties, in particular is a smooth variety. For more details, see [d^. 


It is worth noting that the property mentioned above only depends on 
the Newton polyhedron r_|_(f), and on the fact that the polynomial f is non 
degenerate with respect to r(f), which is to say if V is a hypersurface, with 
a unique singular point in 0 , given by the polynomial g, non degenerate with 
respect to r(g) such that r+(f) = r+(g), then vr : A(Sf) ^ is an 

embedded resolution of the singularity V. 


Let A be the localization of the ring of polynomials ]K[si,..., s;] at the 
maximal ideal (si, ...,s;). Consider the following polynomial. 

F := f(xi,..,x„+i) 

where r_|_(gj) C r+(f) for all j G Let W be the hypersurface of 

Ag"*"^, S := Spec A, defined by the polynomial F. Clearly W is an embedded 
deformation of V over S. Let Id : 5 —)• 5 be the identity morphism and let 
us consider the following proper birational morphism: 
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:= X(Sf) X S = AJ+i x S 

This morphism is a Simultaneous embedded Resolution of W. 

3.4. Deformation of Spaces of m-jets. Let R be a hypersurface of 
and we suppose that W is an Embedded Deformation of V over S := Spec A. 
We consider a proper birational morphism (f : Ag"*"^ such that Ag"*"^ 

is formally smooth over S, and we note for and the strict and total 
transform of W in Ag"*"^ respectively. 

Initially we do not suppose that is a simultaneous embedded resolution 
of W 

Proposition 3.3. The morphism ip^ : {W^{S)^)red ^ (W(S)^) red is dom¬ 
inant for all 0 < m < oo. 

Remark 1. If the scheme W(S)^ did not have Embedded Components, the 
same method of demonstration that we will use in the proof of the proposi¬ 
tion could be used to prove that the morphism ipm ■ W*(S)^ —>■ W(S)^ is 
schematically dominant. 

The following corollary follows directly from Proposition 13.31 


We define the following application: 

U : K —5c/i —)• Z U oo : E i—>■ Number of irreducible components of V^ed 

Corollary 3.4. For each 0 < m < oo, we have tJ(Em) < 

Remark 2. If we explicitly give a hypersurface V and an embedded resolution 
of V, we can use the results of to bound the value of tt(Lm)- In- general 
this corollary does not give optimal bounds, for example if the singularity of 
V is rational, tJ(Vm) = 1; while can be large. 

Proof of Proposition \3.tA Let us consider the following commutative diagram 
of S'-morphisms: 


VpiC 



Ay‘ 

1 

a;+‘ 


This diagram naturally induces the following commutative diagram: 


O 

mS)Jred^ --A^+HS)^ 


Let a be an associated point of {W{S)^)redi and let K,{a) be the residual 
field of the point a. The functorial property of the Spaces of m-jets (see 
Theorem 12.Sp tells us that an m-jet corresponds to the point a. By abuse of 
notation we will note this m-jet for a. 

a : Spec W. 
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By abuse of notation, we note for a the m-jet ioa : SpecK(a)[t]/(t™"*“^) —)• 

As is formally smooth over S, the S'-morphism 

is surjective. Let T{W) be the ideal of W. As VL is a hypersurface, there 
exists a polynomial F € A[xi,..., x^+i] such that T{W) = {F). The mor¬ 
phism p^ is surjective, then there exists an arc /3 : Specic(a)[[t]] —>■ 
such that Pm(/^) = oi and the ideal j3*Z{W) satishes that 

Ordt I3*I{W) := minjOrdi r | r € /3*X(VF)} > m -|- 1. 

observe that Ordj/3*X(LF) = Ord^ F(/3*(t)), where /3*(t) is the comorphism 
of p. 

Let Z C Ag"''^ be an S'-scheme such that (p : (p~^{U) —)■ [/ is an isomor¬ 
phism, where U := Ag"*"^ — Z. Without loss of generality we can suppose 
that /3 0 Z(S)gQ. As the morphism (p : A^"*"^ —>■ A^"*"^ is proper, there exists 
13 E Ag“'"^(S)^ such that tp o (3 = (3. Let U' C be an affine open such 

that /?(0) E U', then: 

P*Z{U' n W*) > m + 1 

Let us consider the following commutative diagram: 

1 o j 

We dehne a := p~(/3). By construction we obtain that (^m(5) = a. 

As j3*Z{U' n W^) > m + 1, we obtain that a E W*(S)^. This ends the 
proof. □ 

The following proposition is one of the key points of the principal resolu¬ 
tion of this article. 

Proposition 3.5. Let us fix m > 0, if the morphism W*(S)^ S is flat, 
then the morphism pm ■ {W{S)^)red S is a deformation of the Space of 
m-jets (Vm) red * 

Remark 3 . If the scheme Vm does not have embedded components the method 
of proof of the theorem is valid to demonstrate that '■ W(S)^ S is a 
deformation of Vm ■ 

Proof. For the proposition l2.7l it suffices to prove that the morphism {W{S)^)red 
S is flat. 


To simplify the proof we will use the following notations: 

M{S) := {W{S) Jred and L{S) := (Wt(S)^),ed. 
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The flatness is a local property (see, for example, Prop osition 2.13 from page 
10 of 2j|, or Proposition 9.174 from page 253 of |14|'l. then it is enough to 
consider p € {Vm)red arbitrary, and to prove that the germ of a neighborhood 
of p, {M{S),p), is flat over S. 


By virtue of Proposition 13.31 we can choose q G prn {p) ^ such that the 
morphisms of germs induced by iprn 


Pra ■■ {L{S),q) {M{S),p) 


is dominant. 

The following lemma will be very useful in this proof. Consider the com¬ 
mutative diagram 


(*) 


{L{S),q) - ^I^{M{S),p) 



S 


Lemma 3.6. Assume that S is irreducible. Then each irreducible component 
of{M{S),p) dominates S. 


Proof. For the Theorem 13.81 the morphism {L{S),q) S is flat, which im¬ 
plies that each component irreducible of {L{S),q) dominates S (see Lemma 
3.7 from page 136 of 2^). Using the fact that the morphism is dominant 
(Proposition [22]), and the commutative diagram (*), we obtain that each 
irreducible component of {M{S),p) dominates S. □ 


We will begin with the case S := (Ak,0). As the scheme {M(S),p) is re¬ 
duced, the condition of flatness over (Ak, 0 ) is equivalent to each irreducible 
components of {M{S),p) dominating (Ajk, 0) (see Proposition 9.7 from page 
257 of 0 ). Which is obtained directly from the previous lemma. 

Now we will suppose that the theorem is true for all schemes (A^, 0) with 
lo<l-l. 


Let S := (A^,0). To demonstrate this case we will use the Corollary 
6.9 on page 170 of [3|. This is to say that we will prove that exists s G 
r( 05 ) such that s is not a divisor of the zero in T{OM{S),p)y that 
'^{Om{S),p)/sT{Om{s),p) is flat over T{Os)/{s). 

Let us consider the injective morphism ]K[si,..., si]m ^{C>M{S),p): where 
m := (si,..., si). Let us suppose that there exists h G r(CiM(5),p) “ {0} such 
that sih = 0. This means that the open set {M(S),p)h is contained in the 
closed set p“^(U(si)), contradicting Lemma 13.61 Then si is not a divisor of 
the zero in T{Om{S),p)- 

Now let us consider the following commutative diagram: 
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(M(5),p) X 5 5'c-. (M(5),p) 

I 

S' := Spec]K[s 2 , ^ S := Spec]K[si, si]m 

where m' := (s 2 , si) C K[s 2 , s/]- 

By virtue of Propositionwe obtain that {M{S),p)xsS' = {M{S'),p). 
Now using the induction hypothesis we obtain that (M{S),p) Xs S' ^ S' is 
a flat morphism. Thereby we obtain that the morphism M(S') —> S' is flat. 


Let us consider S a local K scheme of the finite type. Then there exists 
an integer I and a morphism S —)• (A*,0). Using base extension, the Propo¬ 
sition O.IA of 1^, and the Proposition 12.71 we obtain that the morphism 
(W(S)^),ed ^ 5 is flat. □ 


From this point on we will assume that the morphism y? is a Simultaneous 
Embedded Resolution of W. 

Proposition 3.7. The morphism W*(S)^ S is flat for all m > 0. 

Proof. The flatness is a local property, then for each point p G W'' it suffices 
to consider an open U C and to prove that the morphism Wu(S)^ —>• S 

is flat, where Wjj := U fl Wjj. 


Let us consider the open affine U C A^"*"^ from section [3^ in other words, 
let us suppose that there exists an etale morphism 


U —^ A5+^ := SpecA[yi,...,yn+i] 

\/ 

S 

such that the S'-scheme Wjj is dehned by the ideal (j)*T, where I = 
CLi > 0 . 


Let Y be the S'-scheme defined by the ideal I. Then 

r(U,C’Y(S)^) := MiVij I'i- <i<n + l, 0<j< m}]/Jm, 
where Jm is generated by the polynomials ]\dly{t) |i=0) 0 < z < m, where 
y{t) = (yio + Viit • • • )“i • • • (z/n+io + Vn+iit ■ ■ ■ • 

Because the generators of Jm are not dependent on A, we obtain that the 
morphism Y(S)^ —>■ S is flat. Because the morphism cf is etale, there exists 
an isomorphism of VU^-schemes: 

WMSL = Y(S)^xyfU^ 

By base change the morphism Wfj —)• Y is etale, in particular it is flat, which 
implies that Wu(S)^ is flat over S. □ 

The followign result is a direct consequence of of propositions 13.71 and 13.51 
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Theorem 3.8. For each m > 0, the morphism ■ {W{S)^)red S is a 

deformation of the Space of m-jets iVmjred- 

The following result is an application of this theorem. 

Let V := {vi,...,Vn) £ ^> 0 ! ^ ^>0 et let f G K[xi,...,Xn] be a quasi- 

homogeneous polynomial of the type (d, v) , which is to say that f is homoge¬ 
neous of degree d with respect to the graduation ly^Xi = vi. Let h belong to 
]K[xi,Xn] such that h > d. We note V (resp. V) the hypersurface given 
by the equation f(xi, Xn) = 0 (resp. f(xi,..., + h(xi,..., Xn) = 0). We 

suppose that V (resp. V) has a unique isolated singularity at the origin of 
AJ, and that V (resp. V') does not contain any of T-orbit of Aj^. In addition 
we suppose that f and fi := f -|- h are non degenerate with respect to the New¬ 
ton boundary r(f). We remark that the morphism tt : X(Sf) —>■ A”, where 
Sf is an admissible regular fan, is an embedded resolution of varieties V and 
V, and that the exceptional fibers of the desingularizations tto : X —> IL, 
TTi ■. X' ^ V' induced by the embedded resolution tt : X(Sf) —A” are triv¬ 
ially homeomorphic. In the following theorem, by abuse of notation, we use 
the same notation to designate the irreducible components of the exceptional 
fibers of vro and vri. We proved in the following result: 

Theorem 3.9 f(^L If the divisor E belongs to the image of the Nash Ap¬ 
plication Afv, then E belongs to the Nash Application My- 
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